We introduce TEOBiResumS SM, an improved version of the effective-one-body (EOB) waveform model TEOBResumS for spin-aligned, coalescing black hole binaries, that includes subdominant gravitational waveform modes completed through merger and ringdown. Beyond the dominant ( , |m|) = (2, 2) one, the more robust multipoles all over the parameter space are: (2, 1), (3, 3), (3, 2), (4, 4) and (5, 5). Modes as (3, 1), (4, 3) and (4, 2) can also be generated, but are less robust. The multipolar ringdown EOB waveform stems from suitably fitting many numerical relativity (NR) waveform data from the Simulating eXtreme Spacetimes (SXS) collaboration together with test-mass waveform data. Mode-mixing effects are not incorporated. The orbital (nonspinning) part of the multipolar waveform amplitudes includes test-mass results up to (relative) 6PN order and, for most modes, is Padé resummed. The m=odd waveform multipoles (up to = 5) incorporate most of the currently available spin-dependent analytical information. Each multipolar amplitude is additionally orbital-factorized and resummed. Improving on previous work, we confirm that certain m = odd modes, e.g. the (2, 1), and even the (3, 1), may develop a zero (or a minimum) in the amplitude for nearly equal-mass binaries and for several combinations of the individual spins. A remarkable EOB/NR agreement around such zero is found for these modes. The new waveform, and radiation reaction, prompts a new NR-calibration of the spinning sector of the model, done with only 32 datasets. The maximum (2, 2) EOB/NR unfaithfulness with Advanced LIGO noise against the SXS catalog (∼ 473 datasets) is always below 0.5% for binaries with total mass M as 20M ≤ M ≤ 200M , except for a single outlier with max (F ) ∼ 0.7%. When (2, 1), (3, 3) and (4, 4) modes are included, one finds an excellent EOB/NR agreement up to M ∼ 120M , above which the performance degrades slightly and moves above 3% We also point out that the EOB dynamics may develop unphysical features for large, anti-aligned, spins and this may impact the correct construction of the (2, 1) mode in some corners of the parameter space.
I. INTRODUCTION
The recent observation made by LIGO [1] and Virgo [2] of gravitational wave (GW) signals from twelve coalescing compact binaries marked the beginning of the era of gravitational wave astronomy. Of these detections, ten were associated to coalescing binary black holes (BBHs) [3] [4] [5] [6] [7] [8] and two to a binary neutron star (BNS) [9, 10] .
Up to recent times, gravitational waveform models used on LIGO and Virgo data only incorporated the dominant ( = 2, m = 2) mode. This may be sufficient when the binary system is highly symmetric (e.g nearly equal masses and nearly equal spins), but for binaries when one object is more massive than the other, or when the spins are very different, modeling the subdominant multipoles becomes an absolute necessity to avoid potential biases in the parameters [11, 12] . Similarly, at large inclinations, the modeling of gravitational wave modes beyond the dominant mode becomes increasingly important as higher modes are geometrically suppressed in the face-on/off limit. For this reason, there were recent ef-forts in building waveform models that incorporate the subdominant modes. This was the case for phenomenological models, both in the spinning [13] or nonspinning case [14] , or for effective-one-body (EOB) models [15] for spin aligned black hole binaries. In addition, Ref. [16] took advantage of a huge number of high-quality numerical relativity simulations from the SXS collaboration to construct a numerical relativity (NR) surrogate model with as many modes as possible (also including the m = 0 ones).
Within the effective-one-body framework [17] [18] [19] [20] [21] for coalescing black-hole binaries, the SEOBNRv4HM model introduced in Ref. [15] is the higher-mode version of the SEOBNRv4 [22] spin-aligned model, calibrated to NR simulations, while SEOBNRv4HMP is its precessing version [23] and represents current state of the art. Alternatively to SEOBNRv4, a different spin-aligned EOB model, informed by NR simulations, is TEOBResumS. This model was introduced in [24] , and used to independently infer the parameters of GW150914 [3] . Although this waveform model is limited to the = m = 2 dominant mode, is publicly available either as a stand-alone C code based on the GSL library or through the LIGO LALSuite [25] library. One of the advantages of this model is that it implements the description of the inspiral dynamics based on the (high-order) post-adiabatic (PA) approximation [26] [27] [28] . This allows one to generate long-inspiral waveforms so efficiently to be of direct use for parameter estimation purposes (see also Ref. [29] where the same approach is applied to the SEOBNRv4 Hamiltonian).
Recently, in a companion paper [30] , hereafter Paper I, the nonspinning sector of TEOBResumS, was augmented with all subdominant waveform modes, completed through merger and ringdown, up to = m = 5 included. This defined the TEOBiResumMultipoles model. In doing so, the EOB orbital interaction potential was improved thanks to a more stringent comparison with stateof-the-art NR simulations with small uncertainties. This led us to construct a multipolar model with EOB/NR unfaithfulness at most of the order of 2% (and typically well below 1%) for total mass up to 200M and mass ratio in the range 1 ≤ q ≤ 10. It was also possible to verify that the model performs excellently up to q = 18, that is the NR dataset with the largest mass ratio currently available to us.
The purpose of the present work is to generalize the results of Paper I to the case of spin-aligned black-hole binaries. To improve the robustness of the multipolar waveform amplitudes towards merger, we build upon Refs. [31, 32] , implementing the corresponding orbital factorization and resummation paradigm, though limited to the m =odd waveform modes. Together with the changes in the nonspinning part of the dynamics discussed in Paper I, this led us to a new determination of the next-to-next-to-next-to-leading (NNNLO) spin-orbit effective parameter c 3 introduced long ago [33, 34] . The construction of the multipolar waveform around the amplitude peak of each multipole (e.g. around merger), of the next-to-quasi-circular (NQC) corrections and of the postpeak-ringdown phase follows the procedure discussed, multipole by multipole, for the nonspinning case in Paper I. The only difference is that some of the NRinformed fits incorporate now a suitable spin-dependence. Ther reader should be aware that this paper stems from Refs. [24, 31, [33] [34] [35] [36] [37] and it is essentially the follow up of Refs. [24, 30] . As such, it adopts the same notations and conventions. For this reason, we shall assume the reader to be familiar with the notation and language of those papers, that might not be reintroduced if not absolutely necessary.
The paper is organized as follows. In Sec. II we review the elements of the EOB dynamics that remained unchanged with respect to [24] and Paper I; we discuss the structure of the new multipolar waveform and the related new determination of c 3 . Section III probes the (2, 2) mode all over the current release of the SXS catalog. Section IV focuses on the behavior of higher multipolar modes, highlighting several aspects related to their accurate modelization. In particular, it is pointed out, and explained, the peculiar behavior of some m = 1 modes. The important EOB/NR unfaithfulness computations with higher modes are also performed there. Our concluding remarks are then collected in Sec. V. The bulk of the text is complemented by several Appendixes. Appendix A specifically discusses EOB/NR comparisons with extremely long SXS waveforms; Appendix B summarizes the SXS data used in this work, either to inform the model or just to check it; and Appendix D reports all the NR-informed fits that are needed to accurately build the merger and ringdown part of the multipolar waveform.
If not otherwise specified, we use natural units with c = G = 1. Our notations are as follows: we denote with (m 1 , m 2 ) the individual masses, while the mass ratio is q ≡ m 1 /m 2 ≥ 1. The total mass and symmetric mass ratio are then M ≡ m 1 + m 2 and ν = m 1 m 2 /M . We also use the mass fractions X 1,2 ≡ m 1,2 /M and X 12 ≡ X 1 − X 2 = √ 1 − 4ν. We address with (S 1 , S 2 ) the individual, dimensionful, spin components along the direction of the orbital angular momentum. The dimensionless spin variables are denoted as χ 1,2 ≡ S 1,2 /(m 1,2 ) 2 . We also useã 1,2 ≡ X 1,2 χ 1,2 , the effective spinã 0 = a 1 −ã 2 andã 12 ≡ã 1 −ã 2 .
II. THE MODEL: RELATIVE DYNAMICS AND MULTIPOLAR WAVEFORM
In this Section we collect the analytical elements of TEOBiResumS SM that change with respect to the original implementation of TEOBResumS of [24] or that stems from results of Paper I. The modifications regard all building blocks of the model: the Hamiltonian, the inspiral, EOBresummed, waveform as well as the merger-ringdown part. However, the structure of the Hamiltonian is precisely the same of TEOBResumS: there is thus no need to describe it here in detail and we address the reader to Sec. II of Ref. [24] . The modifications are limited to the NR-informed effective 5PN coefficient a c 6 (ν) (that coincides with the function determined in Paper I) as well as the effective NNNLO spin-orbit parameter c 3 (ν,ã 1 ,ã 2 ). This one needs to be redetermined, by phasing comparison with NR simulations, because of both the new a c 6 (ν), that has changed with respect to Ref. [24] , and the new analytical choice for the factorized (and resummed) multipolar waveform taken from Ref. [32] . In addition, we also present here a new, spin-dependent, description of the multipolar merger and ringdown waveform, that is based on fits informed by NR simulations. These fits incorporate some, but not all, spin dependence for all modes up to = m = 5, as we detail in Appendix D. We start by discussing the structure of the resummed waveform. I. Resummation choices used to build our multipolar EOB waveform. The bar denotes resummation using the inverse Taylor expansion, as described by Eq. (5) of Ref. [31] . The PN-order should be intended relative to the leading-order term and also indicates the order of the additional (spinning) test-particle terms. For example, 3 .5PN means that we take a polynomial of the form 1 + x 3/2 + x 2 + x 5/2 + ... + x 7/2 , with the known ν dependence in the coefficients. Instead, 1.5 +1 PN means that we add to the ν-dependent 1.5PN-accurate polynomial an additional term proportional to x 5/2 obtained by suitably incorporating spinning p article terms as illustrated in Sec. VB of Ref. [32] . We denote Padé resummation by P n d , where N = n + d is the PN order. 
A. Inspiral multipolar waveform
The waveform amplitudes we use here incorporate several factorization and resummation procedures that have been discussed in previous literature [31, 32, 38, 39] . One should be warned that there are not ubiquitous recipes for what concerns the choice of resummation and/or the multipolar order to use: each multipolar amplitude can, in principle, be treated separately from the others. In practice, following Paper I, we attempt to comply at the idea of using 6PN-accurate hybrid orbital (i.e. nonspinning) amplitudes that are, whenever possible, resummed using Padé approximants. By "hybrid" we mean that the ν-dependent terms, analytically known up to 3PN accuracy, are augmented by test-particle terms up to getting a relative 6PN order in all the residual waveform amplitudes. The spin sector takes advantage of some of, but not all, the new PN information at next-to-nextto-leading-order (NNLO) that was recently presented in Ref. [15] adapting (yet unpublished) results of S. Marsat and A. Bohé. Practically all the structure of the waveform was discussed in Sec. IIIB, IIIC and IIID and of Paper I. Since we are adopting the same notation and nomenclature introduced there, it is not worth to repeat it here. We only recall that the acronym NQC stands for "next-to-quasi-circular" and that f m 's or ρ m ≡ (f m ) 1/ functions are the residual waveform amplitudes. For resumming the m = odd mode waveform amplitudes we implement the orbital-factorization and resummation scheme of Ref. [32] . In brief, following the notation of this latter reference, our analytical choices for the waveform amplitudes are listed in Table I . We give below more details, discussing explicitly, and separately, the orbital and spin sectors.
Orbital sector
All ν-dependent terms in the multipolar amplitudes up to = 6 are augmented with test-particle terms up to relative (hybrid) order 6PN except for the (2, 2) and (3, 1) modes, that rely on 3 +2 PN information, consistently with previous work. For most of the modes, such 6PN-accurate, hybridized, amplitudes are additionally Padé resummed consistently with the choice made in the extreme-mass-ratio limit in Ref. [32] . Note however that some multipoles actually behave better (when compared with test-mass numerical data) when they are left in nonresummed form. Table I lists, in the second column, the analytical representation chosen for the orbital factors up to = m = 5. We address the Padé approximant of order (n, d) with the usual notation P n d , where n is the polynomial order of the numerator and d the one of the denominator. For notational consistency, we also indicate with P n 0 the Taylor-expanded form of the functions. The subdominant modes that do not contain spin information are not reported in the table. The (5, 1), (6, 1), = 7 and = 8 modes are kept in Taylor-expanded form at (global) 3 +2 PN order for simplicity, consistently with previous work. All other ρ orb m 's with = 5 and = 6 are resummed as P 4 2 ρ orb m approximants.
Spin sector
The spin-dependent terms in the waveform amplitudes are incorporated only in those multipoles where the ν-dependence beyond the leading order is analytically known, i.e. up to = m = 5, as illustrated in Table I . For some modes, the ν-dependent information is augmented with spinning-particle terms, according to the hybridization procedure discussed in Ref. [32] . Note that the analytical resummation of the residual waveform amplitudes to improve their robustness in the strong-field, fast-velocity regime when m = even is not the same as when m = odd. For the m = even modes, the residual amplitudes are written as
where we explicitly indicate the fact that the orbital part is Padé resummed (including in this nomenclature also the plain Taylor-expansion) according to Table I . By contrast, the spin-dependent part is kept in Taylor-expanded form, with the (relative) PN order given in Table I . Here, the notation T [ρ S m ] is an explicit reminder that we are using the ρ S m in Taylor-expanded form. The amount of analytical information used in each mode is listed in the fifth column of the table. First of all, note that we do not include the NNLO spin-orbit term in ρ S 22 that was recently computed and is part of either SEOBNRv4 [22] and SEOBNRv4HM [15] . As it was pointed out already in Ref. [31] , this term has a large impact on the EOB waveform towards merger for large, positive, spins, so that the EOB/NR difference is larger with this term than without it (see Fig. 6 of [31] ). By contrast, the NLO-accurate amplitude alone already delivers an excellent representation of the corresponding NR amplitude and thus gives a more robust starting point for the action of the NQC factor. We do, however, include the LO cubic-in-spin term in ρ S 22 . Browsing the fifth column of Table I the notation adopted indicates that the ν-dependent terms in (ρ S 32 , ρ S 44 , ρ S 42 ) were hybridized with some of the higherorder, spin-orbit, terms obtained in the limit of a spinning particle on a Schwarzschild black hole in Ref. [40] . The rational behind such hybridization procedure is discussed in Sec. VB of Ref. [32] and allows one to incorporate some of the leading-in-ν-dependence by suitably "dressing" the ν = 0 information. One finds that the additional terms are such to increase the EOB/NR waveform ampltiude agreement towards merger in a natural way. To be explicit, we have
where (c SO lo , c SO nlo ) are the usual known terms with the full ν dependence (see e.g. [32] for their explicit form), while
that reduces to the known spinning test-particle terms when ν → 0. Similarly, ρ S 44 reads
where
For ρ S 42 we have
where the ν-dressed spinning particle coefficients read 
For the m = odd modes, we apply in full the factorization of the orbital term and subsequent resummation of the spin factor with its inverse Taylor representation as illustrated in Ref. [32] . Recalling the notation therein, each m-odd waveform mode is written as
The global structure of the spin factors is illustrated in Table I and we do not discuss here any further as it is a straightforward application of the procedure of Ref. [32] once modified with the new PN terms published in Ref. [15] and the spinning-particle terms of Ref. [40] .
Residual phase corrections δ m
Let us finally detail the expression of the δ m we use. Following Ref. [41] , we mostly use them in Padé resummed form, augmenting, for some modes, the 3.5PN, ν-dependent terms with the next, 4.5PN-accurate, contribution in the test-particle limit [42] . In addition, we only rely on nonspinning information, although spindependent terms are available [15] . Explicitly, the expressions we use read 
where y =Ĥ EOB Ω, withĤ EOB and Ω being the energy and orbital frequency of the binary system respectively. For completeness, let us also list the original Taylor expanded functions that are then resummed using the Padé approximants explicitly written above. 
Comparing with Appendix D of Ref. [41] , we are here explicitly using 4.5PN terms in some of the higher modes, since we found that they improve the EOB/NR frequency agreement close to merger. In practice, after factorizing the leading contribution following [41] , the approximants we use for each mode are: δ 22 → P 2 2 ; δ 21 → P 2 1 ; δ 33 → P 1 2 ; δ 32 → P 0 2 ; δ 31 → P 1 2 ; δ 44 → P 0 2 and δ 43 → P 0 2 .
B. Multipolar peak, ringdown and next-to-quasi-circular corrections
The modelization of the peak and postpeak waveform multipole by multipole is done following precisely the same procedure adopted in the nonspinning case, but incorporating spin dependence (whenever possible) in all fits. As we detail in Appendix D, in practice we include: (i) complete spin-dependence for what concerns peak quantities and postpeak fits in all = m modes up to = 5; (ii) modes like (2, 1), (3, 2), (4, 3) and (4, 2) include spin dependence for peak frequency and amplitude, but they adopt the simpler nonspinning fits for the parameters entering the postpeak waveform description; (iii) the (3, 1) and (4, 1) mode only rely on nonspinning information. The values at the NQC determination points are either obtained with dedicated fits of the corresponding NR quantities, or directly from the postpeak behavior. All considered, this approach allows one to obtain a rather robust description of the ringdown waveform all over the parameter space.
C. NR-informed EOB functions: a c 6 and c3
Finally, we discuss the NR-informed functions that enter the EOB dynamics. For a c 6 (ν), we use the function determined in Paper I. Note that this was obtained using the Padé resummed P 4 2 [ρ orb 22 ] description of the residual = m = 2 waveform amplitude hybridized with testparticle terms up to 6PN. For simplicity, we adopt it here even if we are here using ρ orb 22 at 3 +2 PN accuracy. The differences in the dynamics, at the nonspinning level, are consistent with the NR uncertainty, so it is not worth to proceed with a new, more consistent, determination of this function. The expression adopted from Paper I is
where n 0 = 5.9951,
This, together with the new analytical description of the spin-sector of the waveform (and radiation reaction) calls for a new determination of c 3 . This is obtained precisely following Sec. IIB.2 of Ref. [24] , i.e. by determining the good values of c 3 such that the EOB/NR dephasing is within the nominal NR phase uncertainty at NR merger. This is done using 32 NR datasets, 30 from SXS and 2 from the BAM code. The configurations used are listed in Table II , together with the value of c 3 that assures an EOB/NR phasing at merger that is smaller than (or comparable with) the nominal numerical uncertainty (see [24] . Note also that these values are such to assure that the EOB frequency evolution towards merger is correctly reproducing the corresponding NR one. The data of Table II are fitted with a global function as c 3 (ν,ã 0 ,ã 12 ) that is actually simplified with respect to previous work. The fit template reads where the parameters are Figure 1 highlights that the span of the "best" (firstguess) values of c 3 is rather limited (especially for pos- Table II versus the spin variableã0 ≡ S1/(m1M ) + S2/(m2M ). The unequal-spin and unequal-mass points can be essentially seen as a correction to the equal-mass, equal-spin values.
itively aligned spins) around the equal-mass, equal-spin case. At a practical level, this eases up the fitting procedure, that, following Ref. [24] , is performed in two steps. First, one fits the equal-mass, equal-spin data with a quasi-linear function ofã 0 =ã 1 +ã 2 withã 1 =ã 2 . This delivers the six parameters (p 0 , n 1 , n 2 , n 3 , n 4 , d 1 ). Note that the analytical structure of the fitting function was chosen in order to accurately capture the nonlinear behavior of c 3 forã 0 → 1. In the second step one subtracts this fit, computed for the unequal-mass, unequalspin data, from the corresponding c first−guess 3 values and fits the residual. This gives the parameters (p 1 , p 2 ). The novelty with respect to Ref. [24] is that, thanks to the new analytical improvements, one finds that the unequalspin and unequal-mass correction can be represented, in Eq. (39), with acceptable accuracy, only with the two parameters (p 1 , p 2 ), as we shall illustrate quantitatively below.
III. THE = m = 2 MODE: EOB/NR UNFAITHFULNESS We start discussing the performance of the model in terms of EOB/NR unfaithfulnesses plots for the = m = 2 mode. The EOB/NR unfaithfulness (as function of the total mass M of the binary) is defined as
where (t 0 , φ 0 ) are the initial time and phase, ||h|| ≡ h, h , and the inner product between two waveforms is defined as . None of these datasets was used to inform the model, in the dynamical EOB functions (a c 6 , c3), though several were used for the postmerger waveform part. It is remarkable that max(F ) is always below 0.4% except for two outliers (one in red and one in dashed thick blue online), that however never exceed 0.7%. The plot includes five exceptionally long waveforms, each one developing more than 139 GW cycles before merger, SXS:BBH:1412, 1413, 1414, 1415 and 1416, that are depicted in blue. The functionF for (1.50, +0.50, +0.50), labeled as SXS:BBH:1415, shows a rather unusual behavior for low masses. See Fig. 4 and related text for discussion.
whereh(f ) denotes the Fourier transform of h(t), S n (f ) is the zero-detuned, high-power noise spectral density of Advanced LIGO [43] and f NR min (M ) =f NR min /M is the starting frequency of the NR waveform (after the junk radiation initial transient). Both EOB and NR wave- forms are tapered in the time-domain so as to reduce high-frequency oscillations in the corresponding Fourier transforms. Figure 2 illustratesF versus M evaluated over the same NR waveform data used in Ref. [24] , with the SXS data in the left panel and the BAM data in the right panel. As mentioned above, a subset of this data, listed in Table II , (both SXS and BAM) was used to inform the c 3 (ν,ã 1 ,ã 2 ) function. The global performance of the model is largely improved with respect to Ref. [24] (see Fig. 1 there 1 . Remarkably, the model performs excellently also for large mass ratios and large spins, without any outlier above the 1% threshold, but max(F ) 0.5% all over. After February 3, the SXS collaboration publicly released another 338 new simulations at an improved accuracy 2 . This part of the catalog mostly covers the same region of parameter space of the previous data, except for a few waveforms spanning mass ratios between 4 and 8, with spins higher than what considered before. The catalog also includes a few extremely long waveforms, with more than 100 orbits. As an additional cross check of the robustness and accuracy of our model, we com-puteF all over this new set of NR waveforms. The result is displayed in Fig. 3 . We find that max(F ) always remains below 0.7%, with actually only one outlier, (1.5, +0.95, +0.95) SXS:BBH:1146 3 , above 0.4%. This is not surprising since the set of NR waveforms used to inform c 3 does not cover, except for one single simula-1 In this respect, it is interesting to note thatF for (2, +0.85, +0.85) is now around the 10 −3 level, while in Fig. 1 of [24] is around 10 −4 . This happens because the difference between c fit 3 and c first−guess 3 is now larger than what it was in [24] , see Table I there. A priori, a more flexible fitting function for c 3 would allow one to obtain even smaller values ofF . Since the EOB/NR performance of the model is already rather good, we content ourselves of the current, simple, analytical representation of c 3 . 2 There are also 6 more, very long (> 100 GW cycles) simulations that we do not include here due to possible systematics, as we discuss in Appendix A. 3 We excluded SXS:BBH:1415 (1.5, +0.50, +0.50) from this list.
Computing the mismatch between the two highest levels of resolution publicly available one finds a large uncertainty for low masses. For further discussion see Appendix A. tion, the part of the parameter space with 1 < q < 2. Yet, this results highlights the robustness of our model: without any additional input from NR simulations to determine c 3 , it is able to deliver rather accurate waveforms even in a region of the parameter space previously not covered by NR data. The model performance is summarized in Fig. 5 , with an histogram showing all the maximum values of the faithfulness, max (F ), from Figs. 2 and 3. Thanks to the additional analytical information incorporated and to the improved waveform resummation, TEOBiResumS SM is currently the EOB model that exhibits the highest EOB/NR faithfulness for the = m = 2 mode.
IV. HIGHER MULTIPOLAR MODES
A. Multipoles (2, 2), (3, 3) and (4, 4) Let us move now to discussing the quality of the higher modes. For illustrative purposes, we consider explicitly four configurations with q = 3, with equal spins, both aligned or anti-aligned to the orbital angu- The qualitative (and quantitative) behavior discussed here for this configuration is general enough to be considered paradigmatic all over the SXS waveform catalog. Figure 7 illustrates the behavior of the (2, 2), (3, 3) and (4, 4) mode. For each multipoles, we show the real part of the EOB/NR waveforms together with the instantaneous GW frequency ω m . The EOB waveform is aligned to the NR one around merger, so to highlight the excellent EOB/NR agreement there. The EOB/NR agreement is rather good either for spins both anti-aligned or aligned with the orbital angular momentum. We should, however, mention that when the spins are large and aligned there is an increasing dephasing accumulating between the EOB and NR (4, 4) mode, as one can see in Fig. 7 (a). As it was the case for the = m = 2 mode discussed above, a global understanding of the actual performance of the model comes from EOB/NR unfaithfulness computations. In addition to Eq. (48), due to the non-trivial angular dependence introduced by the subdominant spherical harmonics, we consider the worst-case performance of the model by maximizing the unfaithfulness over the sky
In Fig. 6 , we show the worst case performance for the = m modes up to = 4, finding excellent agreement up to ∼ 120M above which the model performance degrades slightly and moves above 3%. In all cases, the worst case mismatches arise from near edge-on configurations, where the power in the (2,2)-mode is minimized. The worst mismatches occur for mass ratios 1 ≤ q ≤ 1.5 and equal-spin configurations, in which the approximate symmetry of the binary leads to a suppression of odd-m modes. For these binaries, the degraded performance will be driven by the accuracy of the (4, 4) mode in both the EOB model and the underlying NR data itself.
B. Other subdominant multipoles
1. Multipoles (2, 1), (3, 2) and (5, 5) Let us discuss now modes (2, 1), (3, 2) and (5, 5) , that can be robustly constructed over most (but crucially not all) the parameter space. To illustrate the typical behavior, we consider the same BBH configurations show in Fig. 7 , but we focus now on amplitude and frequency. Each panel of the figure compares four curves: the NR one (black), the analytical EOB waveform (orange), the NQC-corrected EOB waveform (light-blue) and the complete EOB waveform that includes the ringdown part. In addition, on the (2, 1) frequency we also superpose the EOB orbital frequency, as a grey line. The blue, dashed, vertical lines in the plot mark the location of the merger point, i.e. the peak of the (2, 2) waveform amplitude. A few considerations first on the NR waveforms: during the ringdown, one clearly sees in the (2, 1) and (3, 2) the effect of mode mixing, that shows up as amplitude modulations and frequency oscillations. The origin of these features has been explained in details in Ref. [44] . By contrast, the (5, 5) mode shows features that clearly highlight some lack of accuracy in the NR data. This is more evident in both (3, −0.60, −0.60) and (3, −0.85, −0.85) configurations (see bottom rows of the (c) and (d) panels of Fig. 8 . Let us focus first on the (3, 2) mode. Despite the absence of mode-mixing, the complete EOB waveform qualitatively reproduces the behavior of the NR one around peak and postpeak, especially for what concerns the amplitude. By contrast, the ringdown frequency, i.e. in the postpeak regime, is flat and systematically larger than the NR one because of lack of the physical information in the ringdown modelization. It is however interesting to note that the approximation is more reliable for large, anti-aligned, spins. Similarly, the shape of the waveform entailed by the action of the NQC is rather accurate and yields a reliable approximation of the frequency behavior up to merger. By contrast, the situation is different for the (2, 1) mode. When spins are aligned with the angular momentum, the standard procedure for improving the behavior of the merger waveform via NQC and the ringdown attachment works well, consistently with the nonspinning case discussed in Ref. [30] . This is clear for the case (3, +0.60, +0.60) of Fig. 8 and the procedure remains robust at least up to (3, −0.30, −0.30) as the figure illustrates. By contrast, as the magnitude of the anti-aligned spins increase, the NQC correction becomes progressively inaccurate and the resulting waveform becomes incompatible with the NR ones. This is for example the case for (3, −0.85, −0.85), where the NQC correction is unable to act so as to smoothly connect the inspiral, plunge and merger waveform to the ringdown (postmerger) part. This latter is, by contrast, reliable, except for the modemixing oscillation, that is missing by construction. We tracked the reason of the unphysical behavior of the NQC correction as follows. In our approach, that is the same of the nonspinning case, Paper I, the NR information used to determine the NQC parameters is extracted 2M after the (2, 1) peak. As a consequence, for a successful implementation, the NQC factor should be evaluated there. Unfortunately, the EOB dynamics in this region, that is after merger time (i.e. the peak of the (2, 2) mode), may develop unphysical features depending on the values of the spins. The simplest way to explain what is going on is by looking at the orbital frequency, Ω. This is shown as a grey line in the (2, 1) panels of Fig. 8 . One sees that for both (3, −0.60, −0.60) and (3, −0.85, −0.85) Ω becomes very small around the peak of the (2, 1) mode until it crosses zero and becomes negative. This is unexpected for this configuration and not what it is supposed to be. The unphysical character of this feature can be understood by qualitative comparison with the system made by a point-particle inspiralling and plunging on a Kerr black hole. In this case, the orbital frequency changes sign for configurations where the spin of the black hole is antialigned with the orbital angular momentum and large: the frame dragging exerted by the black-hole space time on the particle is responsible of the sign change in the frequency (see e.g. Ref. [45] ). One should be aware that such dynamical behavior reflects on the waveform, and in particular on the QNMs frequency excitations, notably also at the level of the (2, 2) mode, that should have a zero at the time when the angular velocity of the particle changes sign (i.e., from counterrotation with respect to the black hole, to rotating with the black hole). Such qualitative features are not present in the NR waveform, so we believe that the EOB frequency behavior for this configuration is incorrect after merger time. This suggests that the current Hamiltonian should be modified so to avoid this feature. At a practical level, the fact that Ω crosses zero when the values of the relative separation r is small, but finite, implies that the NQC functions n 4 ≡ p r * /(rΩ) and n 5 ≡ p r * /(rΩ)Ω 2/3 (see Paper I) become very large and prevent the related NQC correction to the phase to act efficiently so to correctly modify the bare inspiral waveform. This is is evident in panel (c) and (d) of Fig. 8 . This problem affects the (2, 1) for any mass ratio when the anti-aligned spin(s) are sufficiently large. For example, a similar behavior is found also for (8, −0.90, 0). As a consequence, to use the current multipolar model for actual parameter estimation studies, it will be necessary to determine the precise region of the parameter space where the (2, 1) mode is reliable. Selecting only those datasets with χ i > −0.4, Fig. 9 shows the EOB/NR unfaithfulness, maximized over the sky, when including modes (2, 2), (2, 1) and (3, 3. Further improvement, as well as the determination of the precise range of reliability of the (2, 1) mode through merger and ringdown, are postponed to future work. Here we will just briefly explore, in Sec. IV B 3 below, a possible modifica- tion to the current spin-orbit sector of the Hamiltonian that may eventually improve the behavior of the (2, 1) mode in the anti-aligned spin case.
Multipoles (3, 1), (4, 3) and (4, 2)
From fits of the SXS waveforms we can also obtain a postmerger/ringdown description of the (3, 1), (4, 2) and (4, 3) modes. For simplicity and robustness, the (3, 1) ringdown relies on the nonspinning fits of Ref. [30] , while for (4, 3) and (4, 2) the relevant information is found in Appendix D 2 g-D 2 f. When the magnitude of the spins are relatively mild, these modes can be modeled rather accurately (modulo mode mixing during ringdown) as in the nonspinning case [30] . Figure 10 illustrates this fact for (3, +0.30, +0.30), with the usual EOB/NR comparison as we did above. For (4, 3) and (4, 2) modes one can appreciate the relevant action of the NQC factor. When spins are larger (and notably anti-aligned) one can have Ω-driven pathological effects like the (2, 1) mode discussed above. Seen also the (average) lower accuracy of the corresponding NR modes all over the SXS catalog, we postpone a more detailed discussion (and possible improvements) to future work.
3. Improving the behavior of the (2, 1) multipole
The correct behavior of the orbita frequency Ω in the strong-field regime is determined by subtle compensation between the orbital and spin-orbit part of the Hamiltonian. This is the region where our analytical understanding is weaker, as we have to rely on resummed results that are analytically incomplete. From the practical point of view, to NQC-complete the inspiral (2, 1) mode following the current scheme it would be sufficient the behavior of Ω be milder after the merger. In practice, we found that this is possible by implementing a small modification to the resummed (G S , G S * ) functions. The spin-orbit sector of TEOBResumS is based on Ref. [33] , in particular the gyro-gravitomagnetic functions are given by Eqs. (38) , (39) , (41) , and (42), where the inverse separation u is replaced by the inverse centrifugal radius u c . While G 0 S = 2uu 2 c , Eq. (38) of Ref. [33] , has the structure of the Kerr gyro-gravitomagnetic function, the For larger spins, these modes may suffer the same problem related to the NQC factor discussed above for the (2, 1) mode.
dependence of u c introduced in the other functions, G 0 S * , G S andĜ S * was an arbitrary choice. One finds that replacing such u c dependence with the, more natural, udependence is sufficient to provide small modifications in the behavior of Ω that entail a far more robust behavior of the NQC correction. In practice, we use
where (Ĝ S ,Ĝ S * ) are given by Eqs. (41)-(42) of Ref. [33] where u c is replaced by u. The result of this change for (3, −0.85, −0.85) is illustrated in Fig. 11 . Note that, since the dynamics has now changed, to get a good (2, 2) EOB/NR phasing agreement we had to use c 3 = 86.5 instead of c fit 3 = 79.98 from Eq. (39). Comparing Fig. 11 with the panel (d) of Fig. 8 one immediately notices the different behavior of the orbital frequency, whose peak is shallower than before. The consequence of this behavior is that the action of the NQC factor on both amplitude and frequency is more correct than before, though not yet fully accurate for this latter. Although improvable, this proves that the scheme for completing the EOB waveform through merger and ringdown for all modes that , Ω, that is seen now to decrease more mildly after its peak than in Fig. 8 (d) , is sufficient to improve the efficiency of the NQC correction, so to get a more acceptable frequency growth that can be smoothly connected with the ringdown. See text for additional details.
TABLE III. Frequency of the minimum of the (2, 1) amplitude for a few BBH configurations considered in Ref. [15] and not publicly available. M Ω0 is the (orbital) frequency corresponding to a minimum (or a zero) in the amplitude. Our EOB-predicted value, from the zero off S 21 in Table I , is more consistent with the NR one than the straightforward PN value. was seen to be efficient in the nonspinning case [30] can be straightforwardly generalized to the spinning case provided the dynamics, i.e. the orbital frequency, behaves correctly. The result of Fig. 11 gives us a handle to improve the description of spin-orbit effects within the EOB Hamiltonian in future work. , corresponding to NR dataset SXS:BBH:1377 analyzed in Ref. [15] . This dataset is not publicly available through the SXS catalog. The EOB-predicted value of the frequency is perfectly compatible with the NR value reported in Ref. [15] (see the last row of Table III ). The bottom panel compares the zero location of the resummed (orange) and nonresummed (magenta) amplitudes. See text for details.
C. Peculiar behavior of m = 1 waveform amplitudes for 1 ≤ q ≤ 2.
Reference [15] pointed out that a few NR simulations exhibit a minimum in the (2, 1) mode amplitude in the late inspiral phase. Such behavior was found in 4 SXS datasets: SXS:BBH:0254 (2, +0.6, −0.6); SXS:BBH:0612 (1.6, 0.5, −0.5); SXS:BBH:0614 (2, +0.75, −0.5); and SXS:BBH:1377 (1.1, −0.4, −0.7). Only the first among these dataset if public through the SXS catalog. In addi- tion, Ref. [15] noticed that the same feature is present in the EOB resummed waveform (both in orbital-factorized and non-orbital factorized form). An explanation of this phenomenon was suggested on the basis of leading-order considerations, that were similarly proven using a 3PNbased analysis. In addition, Ref. [15] compared the PN prediction for the frequency corresponding to the minimum of the (2, 1) mode with the value extracted from NR simulations. From this PN-based analysis, Ref. [15] suggested that the phenomenon comes from a compensation between the spinning and leading-order nonspinning terms entering the (2, 1) mode. Notably, the PN based analysis aimed at explaining this feature qualitatively as well as semi-quantitatively (see Table I in Ref. [15] ).
Here we revisit the analysis of Ref. [15] and we attempt to improve it along several directions thanks to the robustness of our factorized and resummed waveform amplitudes. In brief we can show that: (i) focusing on the same datasets considered in Ref. [15] , we illustrate that the (2, 1), purely analytical EOB amplitude has a minimum (in fact, a zero) rather close to the values reported in Table I of Ref. [15] , and definitely much closer than the PN-based prediction; (ii) the phenomenon is here understood as coming from the compensation, occurring at a given frequency, between the two (inverse-resummed) macro-terms that compose the analytically resummed expression off S 21 , one proportional to X 12 and the other one proportional toã 12 , and that appear with opposite signs; (iii) guided by this analytical understanding, we investigated whether some of the currently available simulations in the SXS catalog may develop a zero (that occurs in fact as a cusp) in the amplitude. Quite remarkably we found that it is indeed the case for SXS:BBH:1466, (1.9, +0.70, −0.8), that shows a clean minimum that is perfectly consistent with the EOB-based analytical prediction; (iv) since the same structure, with the minus sign, is present also in other m = odd modes, we investigated whether the same phenomenon may show up also in some of the other SXS datasets. Interestingly, we found that also the (3, 1) mode of SXS:BBH:1496 is consistent with the EOB-predicted analytical behavior, suggesting that such features may occur in several modes.
Let us now discuss in detail the four points listed above. Figure 12 illustrates an EOB analytical waveform for (1.1, −0.4, +0.7), that corresponds to the dataset SXS:BBH:1377. As mentioned above, this simulation is not public and so we cannot perform an explicit EOB/NR comparison. The top panel shows the = m = 2 waveform amplitude together with the EOB orbital frequency M Ω. The middle panel shows the (2, 1) waveform amplitude, that develops a zero highlighted by a marker. It turns out that this zero precisely corresponds to the zero of thef S 21 function once evaluated at x = (M Ω) 2/3 . This function is shown, versus x, in the bottom panel of Fig. 12 . To be more quantitative, the last row of Table III lists the corresponding frequency, that is identical to the NR-extracted value reported in the corresponding last column of Table I of [15] . To check the model further, we explored also the other two cases in the Table, similarly finding a rather good agreement between the EOB orbital frequency corresponding to the zero and (2, 1), (3, 2) and (5, 5) . The frequency of the (2, 1) mode behaves correctly through merger and ringdown, while the EOB amplitude largely underestimates the NR one. As in Fig. 8 , the orange curve is the purely analytical EOB waveform, while the light blue one is the NQC corrected. The vertical line marks the merger location the NR value 4 . Our reasoning relies on our orbital factorized waveform, and in particular on the definition of f S 21 . However, Ref. [15] pointed out that a zero in the amplitude may occur also in the standard, non orbitalfactorized, waveform amplitude. To make some quantitative statement, we also consider the function
where both ρ orb 21 and f S 21 are kept in PN-expanded form. The orbital term is given in the usual Taylor-expanded form ρ orb
Note that Ref. [15] does not explain how their M Ω NR 0 is computed. We may imagine that it is just given by the NR orbital frequency divided by two, which is slightly different from the EOB orbital frequency we include due to the presence of tail terms and other effects. 
For the configuration (1.1, −0.4, −0.7), this function, represented versus x, does not have a zero, as illustrated by the magenta line in the bottom panel of Fig. 12 .
The closeness between the numbers in Table III prompted us to additionally investigate for which values of spin and mass ratio the analytical (2, 1) amplitude develops a zero before merger frequency. Comparing with the configurations available through the SXS catalog (notably those up to February 3, 2019), we found that the parameters of dataset SXS:BBH:1466 are such that the zero in the amplitude occurs at a frequency that is smaller than the merger frequency. We then explicitly checked the (2, 1) mode of this simulation and, as illustrated in Fig. 13 , we found that it has a local minimum, that is very consistent with the cusp in the analytic EOB waveform modulus. In addition, Fig. 15 illustrates the behavior of the full waveform completed by NQC corrections and ringdown. As above, we show together the more difficult modes to model, (2, 1) and (3, 2) , with (5, 5) . The figure highlights that the (2, 1) frequency is well captured by the analytical model, although the amplitude is underestimated by more than a factor two. Consistently, Fig. 16 shows that the minimum and maximum unfaithfulness over the whole sky is always below 3%. This makes us confident that TEOBiResumS SM can give a reliable representation of the (2, 1) mode also in this special region of the parameter space, since it naturally incorporates a feature that is absent in SEOBNRv4HM [15] . One should however be aware that the (2, 1) EOB mode is not as good for the case (2, +0.60, −0.60), where the corresponding NR waveform is found to have very a clean minimum much closer to the merger frequency, as noted in Ref. [15] . This is probably due to lack of additional analytical information to improve the behavior of the (2, 1) mode in the strongfield regime. It would be interesting to investigate, for future work, whether higher-order PN terms (e.g. those obtained after hybridization with test-mass results, similarly to the procedure followed for the m = even) could be useful to improve the behavior of the (2, 1) EOB amplitude for (2, +0.60, −0.60).
As a last exploratory study, we investigated whether some of the other m-odd multipolar amplitudes can develop a zero at a frequency smaller than the merger frequency, and we found this happens for several modes. In the SXS catalog (up to February 3, 2019) we identified a configuration where, analytically, we may expect a zero in the (3, 1) mode. This is SXS:BBH:1496, with parameters (1.1584, 0.7997, 0.0285). Figure 17 compares the analytical EOB waveform amplitude with the NR one. We think it is remarkable that the NR is consistent with the analytic waveform (modulo some numerical oscillation) up to t/M 5050. At this time the NR waveform develops a local dip that, we conjecture, would eventually lead to an approximate cusp by increasing the resolution. We hope that these special features of the waveform could be investigated in more detail by dedicated NR simulations.
V. CONCLUSIONS
We have introduced TEOBiResumS SM, an improved, NR-informed, EOB model for nonprecessing, spinning, coalescing black hole binaries. This model incorporates several subdominant waveform modes, beyond the quadrupolar one, that are completed through merger and ringdown. The work presented here generalizes to the spinning case the nonspinning model TEOBiResumMultipoles presented in Paper I, Ref. [30] . Generally speaking, we found that modes with m = , up to = 5, are the most robust ones all over the parameter space covered by the SXS and BAM NR simulations at our disposal. The other modes, and especially the most relevant (2, 1) one, can be nonrobust for medium-to-large value of the spins anti-aligned with the orbital angular momentum. The waveform modes (and thus the radiation reaction) rely on a new resummed representation for the waveform multipolar amplitudes, that improves their robustness and predictive power through late-inspiral and merger, as well as a new, NR-informed, representation of the ringdown part.
Our results can be summarized as follows:
1. The new analytical description of the binary relative dynamics due to the orbital-factorized and resummed radiation reaction entails a new (somehow simpler) determination of the EOB flexibility functions {a c 6 (ν), c 3 (ν, S 1 , S 2 )}, that is different from the one used in TEOBResumS [24] . We computed the EOB/NR unfaithfulness for the (2, 2) mode and found that it is always well below 0.7% all over the current release of the SXS NR waveform catalog (473 datasets) as well as on additional data from BAM code spanning up to mass ratio q = 18. We remark that the performance of the model is largely improved, with respect to Ref. [24] , in the large-mass-ratio, large-spin corner, notably for (8, +0.85, +0.85).
2. We provided a prescription for completing higher modes trough merger and ringdown. Such prescription is the carbon copy of what previously done in the nonspinning case and discussed in Paper I. No new conceptual modification to the procedure were introduced here. The novelty is the introduction of the spin-dependence in the NR-informed fits of the quantities needed to determine the NQC parameters and the peak-postpeak (ringdown) behavior. Such fits are done factorizing some leading-order spin contributions, as well as incorporating testmass information, in an attempt to reduce the flexibility in the fits and to improve their robustness all over the parameter space.
We found that for = m modes, up to = m = 5, the model is very robust and reliable. When putting together all m = modes up to = 4, the maximal EOB/NR unfaithfulness all over the sky (with Advanced LIGO noise) is always well below 3% up to total mass M = 120M , that is exceeded slightly after because of lack of accuracy in both the EOB and the NR data itself, especially in the (4, 4) mode. The model peforms similarly well (F 3%) aso when the (2, 1) mode is included. We have however pointed out that for large values of the spin, anti-aligned with the angular momentum, e.g. as (3, −0.85, −0.85), inaccuracies in the postmerger EOB dynamics prevent one to get accurate (2, 1) mode through merger and ringdown.
3. Inspired by previous work, we could confirm that the phenomenology of the (2, 1) mode is rich, in particular that its amplitude can have a zero during the late-inspiral before merger for nearly equalmass binaries. We have presented a quantitative understanding of the phenomenon. We also showed that the EOB waveform, in its orbital-factorized and resummed avatar of Ref. [31, 32] , can accurately reproduce NR waveforms with the same phenomenology, at least when the frequency of the zero is sufficiently far from merger. We remark that was achieved without advocating any additional ad-hoc calibration or tuning of phenomenological parameters entering the waveform amplitude. Quite interestingly, the same phenomenon may occur also in some of the other of the m = odd modes. In particular, we could find, for the (3, 1) mode, a SXS configuration that shows this behavior and illustrate how it agrees with the analytical prediction.
4. In general, this work made us aware that the structure of the (2, 1) mode is very challenging to be modeled properly through peak and ringdown using the simple approach developed in Paper I. Such difficulty is shared by other modes with m = in certain region of the parameter space, whenever the peak of such mode is significantly (∼ 7 − 8M ) delayed with respect to the merger time (e.g. the (4, 3) or (3, 1)). We consider the identification of this difficulty as one of the most relevant outcomes of this work. We think that the proper modelization of such m = modes in the transition from the late inspiral up to the waveform peak should not be done using brute force (e.g. by extending the effective postmerger fits also before the peak) but rather that it requires a more detailed understanding of the underlying physical elements, in particular: (i) the structure of the waveform (e.g. with the need of naturally incorporating the zero in the amplitude also when it is known to exist at rather high frequencies, e.g. for (2, +0.60, −0.60)); and (ii) the behavior of the EOB relative dynamics (notably mirrored in the time evolution of the orbital frequency Ω(t)) in the extreme region just after the merger, corresponding to very small radial separation. We have shown explicitly that one of the analytical choices adopted in TEOBResumS, i.e. the u c dependence in the gyro-gravitomagnetic functions, was (partly) responsible of the problems we encountered in modeling the (2, 1) mode (see Sec. IV B 3). Together with a different choice of gauge, so to incorporate the test-black hole spinorbit interaction [29] , it might be possible to obtain an improved EOB dynamics more robust also in the postmerger regime, so to easily account for more subdominant multipoles via the usual NQCcompletion and ringdown matching procedure.
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Appendix A: Long-inspiral Numerical Relativity waveforms
This Appendix discussed 11 very long waveforms, summarized in Table XV , that have been made available in the SXS catalog with the latest updates this year. These waveforms all show an inspiral of over 100 orbits before a common horizion appears 5 . Figure 18 displays theF curves of these datasets. First, it should be noted that 6 waveforms are shown here that are not included in the analysis presented in Section III. These waveforms are marked in light blue. All, with the exception of SXS:BBH:1385, show a large unfaithfulness for low masses, with max(F ) > 3% for SXS:BBH:1393. Figure 19 illustrates the time-domain alignment of EOB and NR waveforms for this extreme case. The waves are aligned on the frequency interval [ω L , ω R ] = [0.014, 0.03]. Seen the large oscillations that show up in the amplitude, we are prone to think that at least part of this difference is due to yet uncontrolled systematics in the NR waveforms. As already mentioned in the main text, SXS:BBH:1415 also shows unfaithfulness above 1% for small values of Fig. 3 including all very long waveforms available in the SXS catalog. Note that a few of them are above the 1% threshold because of spurious effects during the inspiral. the total mass. Computing the unfaithfulness between the two highest levels of NR can be used as a conservtive estimate on the error. Figure 20 exhibits this comparison directly for SXS:BBH:1415: this suggests that the relatively large EOB/NR unfaithfulness is likely due to NR uncertainties.
Appendix B: Numerical Relativity datasets
The NR data used in this work were seperated into two categories. A set used for the calibration of the postpeak and ringdown and a set used excusively for validation of the model. The postpeak-calibration set con- [45] with the black hole spinâ in the interval −0.99 ≤â ≤ 0.99. The NR waveforms contain between 12.4 and 62.1 orbits before the formation of a common horizon, with an average length of 24.4 orbits, while the eccentricity never exceeds 0.004. The validation set consists of 338 waveforms from the publicly available catalog of the SXS collaboration. The waveforms span mass ratios up to q = 8 and spins up to −0.97 ≤ χ 1,2 ≤ 0.998. This set includes 5 long waveforms with more then 143 orbits before the forming of a common horizon. The remaining waveforms span between 10.0 and 79.8, with an average of 20.9 orbits before the forming of a common horizon, while eccentricity is limited to 0.001. The waveforms are listed in Tables VIII -XIV. Further details on the SXS catalog can be found in Refs. [46] [47] [48] [49] [50] [51] [52] [53] [54] [55] [56] .
Appendix C: Numerical Relativity Systematics
As was highlighted in [30] , numerical noise and systematics in the NR data can lead to a degradation in the mismatches. In Fig. 6 we find that the worst mismatches typically come from near edge-on cases, where the power in the (2, 2)-mode is minimized, and for mass ratios near q ∼ 1, where the amplitude of the odd-m multipoles is suppressed. When restricting to the ( , m) = (2, 2), (3, 3) and (4, 4) modes, as shown in the bottom panel of Fig.6 , the mode that contributes the most for the near equalmass, edge-on configurations is the (4, 4) mode. However, as highlighted in Fig. 21 , the (4, 4) mode in the NR datasets can often be particularly problematic, especially through the merger-ringdown. In particular, we see strong oscillatory features in the instantaneous frequency and un-physical, non-monotonic behaviour in the amplitude. This can result in large mismatches that are relatively uninformative regarding the accuracy of the EOB model against NR. At higher mass ratios, where the mode is well-resolved in NR, the mismatches are under control and well below 3%. At low total masses, where we compute mismatches against a larger portion of the inspi- ral signal, we see excellent agreement between the EOB model and NR for all modes and configurations used in our analysis. In the mismatches shown in Fig. 6 , we have removed NR datasets that display obvious pathologies, such as those demonstrated in Fig. 21 .
Appendix D: Analytic modeling of the multipolar ringdown waveform
Introduction
In this Appendix we discuss the fits of the NR data needed for completing TEOBiResumS SM through merger and ringdown. The fits concern: (i) frequency and amplitude at the peak of each multipole; (ii) the time delays ∆t m between the peak of each multipole and the peak of the (2, 2) mode; (iii) fits for waveforms quantities at the location at the NQC extraction point. Technical details are all listed in Sec. III D and Sec. V A of Ref. [30] and we address the reader there for complementary information. In Sec. D 2 below we report fits of various waveform quantities at the peak of each multipole, that is amplitude, frequency and time-delay A peak m , ω peak m , ∆t m . Following Refs. [24, 30, 35, 36] below. We present spin-dependent fits for multipoles (2, 2), (3, 3), (4, 4), (5, 5) , although, for robustness, we prefer to use the nonspinning fits discussed in [30] except for the (2, 2) mode. This gives a rather accurate representation of the waveform provided that the other quantities (e.g. the peak ones) incorporate the complete spin dependence. The fits of the quasi-normal-mode frequencies and (inverse) damping timpes entering ω m 1 , α m 1 , α m 21 are given in [30] 6 . The waveform quantities used to determine the NQC corrections to the waveform amplitude and phase, A NQC m , ω NQC m ,Ȧ NQC m ,ω NQC m are usually obtained analytically from the postpeak template and all details are collected in Sec. D 5 below. For the (4, 4) mode, however, this procedure cannot deliver an accurate time-derivative of the waveform amplitude, so that a dedicated fit is given. In the case of the ( , m) = (2, 2) mode fits for all 4 NQC quanties are also given. Unless otherwise stated all fits are done using fitnlm of matlab and NonLinearModelFit of MATHEMATICA. All fits exclusively use the the calibration set taken from the BAM catalog, test-particle data and the calibration set of SXS waveforms listed in Appendix B. The exception is ∆t 21 , which is informed additionally by the test set of SXS 6 The reader should note that the fits are done versus the spin of the remnantâ f , which in turn is obtained from the fits presented in Ref. [60] .
waveforms.
Modeling the peak of each multipole
Firs of all, let us recall some symmetric combinations of the spin variables that will be useful later on
We refer to the multipolar decomposition of the strain
Here −2 Y m are the s = 2 spin-weighted, spherical harmonics. ι and ϕ are the polar (with respect to the direction of the orbital angular momentum) and azimuthal angle in the source frame. Each multipole is decomposed in amplitude A m and a phase φ m as
The instantaneous GW frequency ω m is defined as where the dot indicate the time derivative. Motivated by the leading-order analytical behavior of each multipole, we introduce the following rescaled multipolar am-plitudesÂ m :
Then one defines the time where each ( , m) mode peaks as
and the merger time, that is defined as the peak of the (2, 2) mode, i.e.
One then defines the time-delay between merger time and the time where each mode peak, as
For shortness, we denote quantities calculated at a given time using the corresponding superscript, e.g.
A peak m ≡Â m t peak m .
(D16)
Let us now give all details on a mode-by-mode basis.
a. ( , m) = (2, 2) multipole
We start by describing the template with which ω mrg 22 andÂ mrg 22 were fitted. The same structure is used both for the amplitude and frequency at merger. We here present it explicitly for ω mrg 22 , w hile the same forÂ mrg 22 is obtained by suitably changing the coefficient labels. The frequency at merger ω mrg 22 is factorized as
where ω mrg 0 22
is the value of the merger frequency obtained from a nonspinning test-particle waveform (see e.g. Table 3 of [45] ). The nonspinning ν-dependence is then introduced by fitting the nonspinning data with a template of the form
where the coefficients a ω i are determined using 19 nonspinning SXS waveforms with mass ratios 1 ≤ m 1 /m 2 ≤ 10. The spin dependence is introduced in two steps: first one accurately fits the spin-dependence of equal-mass data. Then, additional flexibility to incorporate the spinning, unequal-mass data is introduced. More precisely the equal-mass, spin-dependence is obtained with
which is informed by 39 equal-mass, spin-aligned, SXS waveforms. The additional dependence on mass ratio is incorporated substituting into Eq.
with i = {1, 3}. where the additional coefficients c ij are fitted using test-particle data, 77 additional SXS spinning waveforms and 14 additional NR waveforms from BAM. The coefficients are explicitly given in Table XVI . The procedure followed for the subdominant modes is similar to what is done for the (2, 2) . There are however some differences. First of all, the peak time shift ∆t m is also fitted to NR simulations. Second, basing ourselves to the analytical behavior of the multipolar waveform, we have decided to use different factorizations and different variables to model each mode. For example, the (2, 1) multipole (and every m-odd mode) vanishes because of symmetry in the equal-mass equal-spin case. This has brought us to consider the following factorization forÂ peak 21 , which is written aŝ 
whereÂ peak 0 21
is the peak amplitude in the test-particle limit. The factorÂ orb 21 is informed by non-spinning wave-forms and is fitted with the templatê A orb 21 (ν) = 1 + aÂ 21 1 ν + aÂ 21 2 ν 2 1 + aÂ 21 3 ν .
(D22)
The spin dependence is first captured in the test-particle limit with the function 
The ν-dependence is then modeled via the replacement bÂ 0 21 i → bÂ
with i = {1, 2, 3}. The gravitational wave frequency ω 21 is instead factorized as ω peak
21
= ω peak 0 21
where the ν-dependence of the nonspinning part is modeled as
The spin dependence is fitted first in the test-particle limit
and then extended to a general mass ratio via the replacement
with i = {1, 2}. Finally, to represent analytically the time-delay ∆t 21 we use
where the orbital behavior is factorized into two separate parts before fitting with
The factor ∆t ν=1/4 21 is obtained by fitting a 2nd-order polynomial, inâ 0 to the equal-mass waveforms. ∆t 0 21 is the test-particle value. The equal-mass spin behavior is fitted with 
with i = {1, 2}. The outcome of the fit, with the explicit values of all coefficients, id found in Table XVII. c. ( , m) = (3, 3) multipole For this mode, the peak amplitude is written as the sum of two termŝ
whereÂ peak 0 33
is the peak amplitude in the test particle limit. The orbital term is modeled aŝ A orb 33 (ν) = 1 + aÂ 33 1 ν + aÂ 33 2 ν 2 1 + aÂ 33 3 ν .
(D34)
The spin dependence is first fitted in the test-particle limit usinĝ 
and then extended to comparable masses via the replacements .
(D37)
The istantaneous frequency ω 33 is factorized as
where ω orb 33 (ν) = 1 + a ω33 1 ν + a ω33 2 ν 2 .
(D39)
The test-particle spin factor is given by
while the general spin-dependence stems from the replacement
with i = {1, 3}.
To describe ∆t 33 we start from the expression .
(D44)
The spin-dependence is obtained from the replacement b ∆t 0
with i = {1, 2, 3}. The explicit values of the fit coefficients are listed in Table XVIII .
The peak amplitude of the (3, 2) mode is fitted with a factorized template of the form is the peak amplitude of the mode in the test-particle limit. The factorÂ orb 32 is informed by nonspinning waveforms and is fitted with the templatê A orb 32 (ν) = 1 + aÂ 32 1 ν + aÂ 32 2 ν 2 1 + aÂ 32 3 ν .
(D47) The spin dependence is first captured for the test-particle limit with the function 
The instantaneous frequency ω 32 mode is factorized as ω peak
32
= ω peak 0 32 ω orb 32 (ν)ω Spin 32 (ã 0 , ν) .
The orbital dependence is modeled as
The spin dependence is fitted first for the equal-mass case 
while the additional dependence on the mass ratio enters via the replacements
with i = {1, 2}. The coefficients ofÂ peak 32 and ω peak 32 are explicitly listed in Table XXIII. Moving to ∆t 32 , it is given by
where the orbital behavior is fitted with
The spin behavior is more complicated than the corresponding term of other modes. This is separated into two sectors, as 
where Θ denotes the Heaviside step function. In the ν > 1/5 regime the fit is first done to the equal-mass case ∆t spin ν>1/5 32
3Ŝ
.
(D57) Then it is extrapolated following
In the ν ≤ 1/5 regime the fit is first done to the equalmass case ∆t spin ν≤1/5 32
Then it is extrapolated following
with i = {1, 2, 3}. The coefficients appearing in ∆t 32 are shown in Table XX. e. ( , m) = (4, 4) multipole
The peak amplitude of the (4, 4) mode is fitted witĥ
whereÂ peak 0 44
is the peak amplitude of the mode in the test-particle limit. The factorÂ orb 44 is informed by nonspinning waveforms and is fitted with the templatê A orb 44 (ν) = 1 + aÂ 44 1 ν + aÂ 44 2 ν 2 1 + aÂ 44 3 ν .
(D62)
The spin dependence is first captured for the test-particle limit with the function 
The orbital dependence is modeled through
The spin dependence is fitted first for the test-particle limit as (D67) The spin dependence in the comparable mass region of the parameter space is modeled through The peak amplitude of the (4, 3) mode is fitted witĥ
whereÂ peak 0 43 is the peak amplitude of the mode in the test-particle limit. The factorÂ orb 43 is informed by nonspinning waveforms and is fitted with the templatê A orb 43 (ν) = 1 + aÂ 43 1 ν + aÂ 43 2 ν 2 1 + aÂ 43 3 ν .
(D74)
The spin dependence in the comparable mass region of the parameter space is modeled through
with i = {1, 2, 3}. For the equal mass case however a special fit is made to accurately capture the correct behavior, i.e. . (D77)
The istantaneous frequency at peak ω peak 43 is factorized as
where the orbital factor is modeled as
The spin dependence is fitted first for the test-particle case
and then extended to other regions of the parameter space with .
(D84)
We then incorporate the general ν-dependence via the replacement
with i = {1, 2, 3}. The explicit values of the fit coefficients are listed in Table XXII. g. ( , m) = (4, 2) multipole
The peak amplitude of the (4, 2) mode is fitted with a factorized template of the form is the peak amplitude of the mode in the test-particle limit. The factorÂ orb 42 is informed by nonspinning waveforms and is fitted with the templatê 
The spin dependence is first captured for the test-particle limit with the function (D91) The spin dependence is fitted first for the test-mass case with 
and then the general ν-dependence is taken into account via the replacement .
(D96)
For ν < 6/25 the spin factor is approximated by the test-particle fit. For the other regions, it is extrapolated
with i = {1, 2}. The explicit values of the coefficients of the fits are listed in Table XXIII. h. ( , m) = (5, 5) multipole For this multipole, the peak amplitude is written as the sum of two terms aŝ A peak 55 =Â peak 0 55
whereÂ peak 0 55 is the peak amplitude in the test particle limit. The non-spinning ν-dependence is modeled aŝ
The spin dependence is first fitted to the test-particle limit usinĝ .
(D102)
The frequency of the (5, 5) mode is factorized as
where ω orb 55 (ν) =
and the test-particle spin factor is given by
The spin dependence in the general case is obtained by means of
with i = {1, 2}. Note that, in this case, we do not incorporate spin-dependence in ∆ 55 , but only rely on the nonspinning fit of Ref. [30] .
NR-fitting of the postpeak parameters
In this Appendix we report the fits of the postpeak pa-
) for all multipoles multipoles discussed in the main text. For (2, 2), (3, 3), (4, 4), (5, 5) we present fits that explicitly depend on the spins of the black holes. By contrast, the same parameters for the other multipoles (2, 1), (3, 2), (3, 1) (4, 3), (4, 2), are approximated by the spin-independent fits of Ref. [30] . Let us note, however, that we prefer to not use the full spindependent fits of (c φ33 3 , c φ33 4 ) and in (c φ44 3 , c φ44 4 ). Instead the fits of Ref. [30] are used to get a more robust behavior of ω 33 and ω 44 in all corners of the parameter space, notably when the mass ratio is between one and two and the spins are large. See Appendix D 4 for a brief discussion. The data of (c A22 3 , c φ22 3 , c φ22 4 ) were extracted from NR fitting the NR waveforms in the calibration set over an interval starting at the peak of length 4τ 22 1 . The fits are done in three steps, based on the model
In the first step Y (ν;Ŝ = 0) is fitted to the non-spinning data. In the second step b Y i (X 12 = 0) are fitted to the equal mass data. In the third and final step the fits are extrapolated to the comparable mass case imposing the 1-D fits informed in the previous two steps. The coefficients of the fit are listed in Table XXV . The data of (c A33 3 , c φ33 3 , c φ33 4 ) were extracted from NR fitting the NR waveforms in the calibration set over an interval starting at the peak of length 1τ 33 1 . The interpolation is modeled with the template
While for the case of c A33 3 the fit is done versusã 12 . The fits are done in two hierarchical steps. (i) b Y 0 (ν) is fitted to the non-spinning data. (ii) b Y 1 (X 12 ) is fitted with a quadratic polynomial, while imposing the fit of b Y 0 (ν). The fits are given explicitly in Table XXVI. c. The ( , m) = (4, 4) postpeak
The data of (c A44 3 , c φ44 3 , c φ44 4 ) were extracted from NR fitting the NR waveforms in the calibration set over an interval starting at the peak of length 1τ 44 1 . The interpolation of (c φ44 3 , c φ44 4 ) is modeled with the template
in three steps, similar to the the (2, 2) mode. (i) b Y 0 (ν) is fitted to the non-spinning data. (ii) b Y i (X 12 = 0) is fitted to the equal mass data. (iii) The full dependence of b Y i (X 12 ) on X 12 is fitted while imposing the onedimensional fits informed in the first two steps. c A i are informed using the spinning data, while imposing the nonspinning fit. The fits are given explicitly in Table XXVII . The data of (c A55 3 , c φ55 3 , c φ55 4 ) were extracted from NR fitting the NR waveforms in the calibration set over an interval starting at the peak of length 1τ 55 1 . The interpolation is modeled with the template
While for the case of c A55 3 the fit is done versusã 12 . The fits are done in two hierarchical steps. (i) b Y 0 (ν) is fitted to the non-spinning data. (ii) b Y i (X 12 ) are fitted with a linear polynomial, while imposing the fit of b Y 0 (ν). The fits are given explicitly in Table XXVIII. 4. Motivating the choices for the (3, 3) and (4, 4) postmerger phases
As mentioned above, the results presented in the main text do not rely on the the fits of (c φ33 3 , c φ33 4 ) and (c φ44 3 , c φ44 4 ) given in Appendix D 3 with the full spin dependence, but instead use only their spin-independent part, as already presented Ref. [30] . This choice was made so to ensure a more robust behavior of the frequency at the beginning of the ringdown when the spins are positive and large. We illustrate this argument inspecting the behavior of ω 44 for two highly-spinning configurations. Figure 22 shows EOB/NR comparisons with two EOB waveforms obtained with either the nonspinning fits (red online) or those with the full spin dependence (green). One sees that the spin-dependent fit performs rather well for SXS:BBH:1124 (1, 0.998, 0.998), consistently with the fact that we used SXS:BBH:0178, , c φ 22 3 , c φ 22 4 ) as defined in Eq. (D107). with parameters (1, 0.9942, 0.9942), to inform the fit. By contrast, one sees that the same description applied to a different configuration, (1.5, 0.95, 0.95), corresponding to SXS:BBH:1146, does not perform equally well, with a nonnegiglible gap between the EOB and NR frequencies accumulating right after the peak. One finds, however, that removing the spin-dependence in (c φ44 3 , c φ44 4 ) allows one to obtain a much closer EOB/NR consistency for SXS:BBH:1146. For the other case, moving to the nonspinning description slightly worsens the agreement, both before and after the waveform peak 7 . On the basis of these results, and especially seen the rather goodF behavior illustrated in Fig. 6 , we decided to be simple and remove the spin dependence in (c φ44 3 , c φ44 4 ) . We applied the same rational also to the (3, 3) mode. Clearly, in case of very high-spins, currents fits should be improved to some extent, increasing the calibration set so to incorporate more points in that corner of the parameter space. This will be investigated in future work.
Modeling the NQC extraction points
Let us finally discuss analytic representations of the NR point (amplitude, frequency and derivative) on the multipolar waveform that is needed for computing the NQC corrections to the waveform multipole by multipole. For the (2, 2) and (3, 3) modes we give below dedicated fits. For all other modes, the useful NR quantities are obtained analytically from the (fitted) post-peak analytical waveform discussed above. Let us recall here that, 7 The reader should note that the postpeak phasing impacts the inspiral waveform through the NQC extraction points obtained from the postpeak template. See Appendix D 5 c for each mode, the NQC time is always t NQC m ≡ t peak m + 2.
All quantities mentioned below with the NQC label are computed at t = t NQC m . are done using the template discussed already for the peak, see Appendix D 2 a. The reader should note however that the fit of ω NQC 22 has additional flexibility. The replacement in (D20) is also done for i = 2 for this case. In the following the fitting oḟ A NQC 22 andω NQC
22
. Both rely on the same template thus it is only given for the former explicitly. To fit the time derivative of the amplitude at t NQC it was proven useful to not fit it directly, but to fitȦ NQC 22 /νω NQC
, starting with the following factorizatioṅ (D115) 
whereÂ NQC 0 33 is the test-particle value. The non-spinning sector is fitted after factorization ofÂ 
where ω NQC orb 33 is fitted to the nonspinning data with a second-order polynomial in ν as , ω NQC
,ω NQC
A Let us finally discuss explicitly the computation of the NQC quantities A NQC m , ω NQC m ,Ȧ NQC m ,ω NQC m from the NR-informed analytical description of the postpeak waveform, as defined in Sec. V A of [30] , to which we refer the reader for the notation. Although the formulas have to be intended valid multipole by multipole, in the following we drop the ( , m) indexes for clarity. The analytical expression for the amplitude and its time derivative read is the peak amplitude in the test particle limit. The non-spinning behavior is modeled witĥ
